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1. Introduction

Solution concepts are a fundamental component of economic models. Many

theoretical results rely on assuming that firm behavior must be in, or converge

to equilibrium. Estimation of structural parameters is often carried out under

the assumption that observed data arises from equilibrium choices. Policy impli-

cations are derived from counterfactual analyses which compare equilibria under

alternative policies given the estimated parameters. The current work proposes

sufficient conditions to identify the validity of different solution concepts for games,

in a precise sense to be defined later on.

Instead of assuming a fixed solution concept to estimate payoff parameters, we

propose a framework that incorporates the solution concept as part of the param-

eter space. Our main result is a transparent characterization of the identified set.

Under our conditions, a solution concept can rationalize the observed choices if

and only if the actual behavior of the agents satisfies the corresponding behavioral

assumptions almost surely (Theorem 6.1). As a corollary, we find sufficient condi-

tions for point identification of the true solution concept from a class of solution

concepts under consideration (Corollary 6.2).

Our framework can be applied to general solution concepts and general discrete

complete-information games either in extensive or strategic form. We illustrate

our approach by identifying whether the Nash equilibrium (NE) assumption is sat-

isfied in the context of a two-firm entry model adapted from Bresnahan and Reiss

(1990). We also show how incorrectly assuming NE play can yield misleading

policy recommendations, even if the payoff parameters of the model are known.

Moreover, for the particular entry model that we consider, we are able to identify

whether payoffs are private information or common knowledge. As a different

application, Appendix E considers an n-player coordination problem, and iden-

tifies when and how often do players coordinate on risk-dominant rather than

payoff-dominant equilibria.

Our econometric framework consists of three elements. First, we assume that

the econometrician observes the joint distribution of endogenous outcomes and

exogenous covariates. However, she does not know the distribution of outcomes

conditional on the observed and unobserved characteristics of the environment,

which we call the distribution of play. The second element of our framework

is a structural index which determines the players’ von Neumann Morgenstern
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(vNM) utilities over outcomes, and depends on the characteristics of the environ-

ment through a function known up to a finite-dimensional vector of structural

parameters. Finally, in order to relate these parameters to the observed data,

we introduce a formal definition of solution concept. A solution concept specifies

a set of admissible distributions over outcomes depending on the realized exoge-

nous characteristics of the environment. For example, it could specify that entry

decisions must arise from NE of the game.

Our goal is to characterize which solution concepts are satisfied by actual

behavior, meaning that they contain the true distribution of play. Our first step

is to establish point identification of the distribution of play (Proposition 4.1).

That is, we non-parametically identify the distribution of choices conditional on

both the observed and unobserved characteristics of the environment.

The distribution of play is interesting on its own right, and it might be enough

for some applications. For instance, if a policymaker is willing to assume that the

distribution of play is robust to policy interventions, then it is all the information

she needs in order to derive valid policy implications.1 However, there are situa-

tions in which the external validity of a solution concept backed up by theory is

more plausible than that of the distribution of play. Moreover, the distribution of

play is specific to each specific context. In contrast, a solution concept such as NE

can be applied and compared across different environments. Hence, focusing on

the solution concept rather than the distribution of play allow one to accumulate

the lessons learned from different studies.

We use two assumptions to identify the distribution of play. The first one

is an exclusion restriction requiring choices to be independent of some of the

covariates, conditional on the structural index. The second one is a richness

condition requiring the family of distributions of the structural index conditional

on the values of the excluded covariates to be boundedly complete. The first

assumption guarantees that the true distribution of play satisfies a certain system

of integral equations. The second assumption guarantees that this system has a

unique solution.

The richness assumption is satisfied, for instance, if the payoffs have normally

or extreme-valued distributed additive errors, as is commonly assumed in applied

work. As for the exclusion restriction, one may be concerned that some covariates,

which affect the payoffs, may also affect the way people choose equilibria. How-

1Jun and Pinkse (2016) provide novel sharp bounds for the counterfactual predictions re-
quired to derive such implications.
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ever, we allow equilibrium selection to depend both on the structural index and

unobserved heterogeneity, and we only require independence conditional on the

structural index. Hence, we still allow the excluded covariates to affect the way

people choose equilibria, as long as they do so through preferences. Additionally,

if there is good reason to believe that these covariates affect equilibrium selection,

even after conditioning on payoffs, this hypothesis could be incorporated as part

of the solution concept and tested accordingly.

We also point identify the structural parameters (Proposition 5.1). For that

purpose, we use a high-level assumption that requires different parameter values

to make different predictions independently of the true solution concept. This

high-level assumption encompasses standard identification assumptions discussed

below, and, under our exclusion restriction, it is both sufficient and necessary

for point identification of the structural parameters. We also extend standard

identification-at-infinity strategies in a way that only requires mild behavioral

assumptions, which allow some forms of collusion and departures from rationality.

In the context of our entry game, our identification-at-infinity approach allows us

to point identify the correlation between error terms.

Identifying the distribution of play under incomplete information is more com-

plicated, because solution concepts for incomplete information games are often

inconsistent with our exclusion restriction. Our general methodology cannot be

applied in such cases. In the context of our entry example, we still manage to

identify whether profit functions are private information or common knowledge

(Proposition 7.1). We do so by directly comparing the Aumann expectations of

different solution concepts, and without requiring point identification of the dis-

tribution of play.

1.1. Related literature

For discrete games, Beresteanu et al. (2011) and Galichon and Henry (2011)

characterize the sharp identified set for the payoff parameters using support func-

tions and Choquet capacities, respectively. Henry and Mourifie (2012) provides a

characterization for 2 × 2 games. These papers rely on assuming NE (allowing for

public randomization) or correlated equilibria. In our framework, instead of work-

ing with a fixed solution concept, both the solution concept and the way players

choose equilibrium are parameters of interest for which we establish point identi-
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fication. Moreover, our approach can be applied to non-convex solution concepts.

See Section 6 for further discussion.

Different existing methods to establish point identification of payoff distribu-

tion in discrete games use exclusion restrictions.2 Identification-at-infinity ap-

proaches have been used elsewhere in the literature. For instance, Tamer (2003)

and Ciliberto and Tamer (2009) use it in the context of entry games assuming NE

in pure strategies (PNE). Bajari et al. (2010) establishes point identification for

a general class of complete information games under the NE assumption. Kline

(2015b) point identifies mean utility parameters assuming rationalizability. We

contribute to this literature by showing how one can identify the joint distribution

of unobservables using only mild rationality assumptions. Notably, Kline (2016)

point identifies mean utility parameters using only bounded covariates. However,

this approach does not suit our objective to identify the solution concept since it

requires a much stronger behavioral assumption, namely, PNE.3

The approaches discussed in the preceding paragraph rely on imposing enough

restrictions on the behavior of players so that the researcher essentially knows the

probability of some outcomes for some values of the covariates. Under rationaliz-

ability or NE, this occurs at the limit when the game is dominance solvable. For

entry games and assuming PNE, this occurs everywhere because duopolies and

markets with no entrants only arise when it is dominant for both firms to enter

or to stay out, respectively. We contribute to this literature by showing that,

in the presence of excluded covariates, such restrictions on behavior are not just

sufficient, but also necessary for point identification of the distribution of payoffs.

We are not the first to exploit the power of completeness assumptions cou-

pled with exclusion restrictions in order to identify behavior patterns of agents.4

Berry and Haile (2014)—as well as other related papers—apply a similar strategy

2Examples include Bjorn and Vuong (1984), Bresnahan and Reiss (1991), Tamer (2003),
Berry and Tamer (2006), Bajari et al. (2010), Bajari et al. (2011), Aradillas-López and Tamer
(2008) and Kline (2015a). See De Paula (2013) for a review of the literature on this topic.

3Another attractive feature of Kline (2016) is that he does not impose parametric restrictions
on the distribution of unobservables. Such flexibility, however, comes with the cost of non-
identification of the distribution of unobservables.

4Completeness of a family distribution is a well known concept both in Statistical and Econo-
metrics literature. See Andrews (2011). Newey and Powell (2003) and Darolles et al. (2011) use
a completeness assumption to establish non-parametric identification for conditional moment re-
strictions. Blundell et al. (2007) use it to achieve identification of Engel curves. Hoderlein et al.
(2012) imposes bounded completeness in the context of structural models with random coeffi-
cients.
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to a model of oligopolistic competition that allows, among other things, to discrim-

inate between different models of competition. An important difference between

their setting and ours is that they consider continuous games, while we consider

discrete games. They rely crucially on having an uncountable set of outcomes in

order to relax the completeness assumption to some extent.

The problem of identifying the relevance of particular solution concepts has

been extensively addressed using experimental data from laboratory settings. See,

for instance, Camerer (2003). However, much less is known about the behavior of

firms and other economic agents outside the laboratory.

In a recent paper, Kashaev (2016) proposes a sieve likelihood-ratio-type pro-

cedure to test the NE assumption in binary games with complete information.

Chiappori et al. (2002) and Palacios-Huerta (2003) analyze data from penalty

kicks in professional football to investigate whether it resembles a mixed strategy

equilibrium of a zero-sum game. There are two important differences between

their approach and ours. First, they assume that the game is zero-sum, which

eliminates the possibility of multiple equilibria. Second, instead of using a struc-

tural model, they test two reduced form implications of Nash play: indifference

between alternatives, and serial independence.

Other papers follow a different approach that consists of relaxing behavioral

assumptions instead of testing them. Aradillas-López and Tamer (2008) and

Kline (2015a) work with k-level rationality instead of NE. Grieco (2014) and

Magnolfi and Roncoroni (2016) relax the complete information assumption. In

Section 2.2, we show that identifying solution concepts can be important for coun-

terfactual analysis, regardless of whether payoff parameters are known.

1.2. Notation

Throughout the paper, deterministic vectors and functions are denoted by

lower-case Latin letters, random objects by bold letters, sets by upper-case letters,

and parameters by Greek letters. Also, given a family x = (xk)k∈K (e.g., a strategy

profile, or a vector of covariate values) and a particular index value k ∈ K, we

use the notation x = (xk, x−k) where x−k = (xj)j∈K\{k}.
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2. Motivating example: an entry game

In order to illustrate our general results and suggest potential applications, we

consider an entry model adapted from Bresnahan and Reiss (1990). Two firms

i ∈ {1, 2} must choose whether to enter a market (yi = 1) or not (yi = 0). Firm

i’s profit is given by

u0i(y) =
(

β0ixi − β̃0iy−i − ẽi

)

yi,

where y−i denotes the choice of i’s competitor, β0i, β̃0i > 0, i = 1, 2, are unknown

fixed parameters, x = (x1,x2)
T is a vector of covariates with support X = R

2,

and ẽ = (ẽ1, ẽ2)
T is a vector of error terms observed by the firms but unobserved

by the researcher. The researcher observes the joint distribution of x and the

entry decisions y = (y1,y2)T.

2.1. Solution concepts

Our main objective is to identify whether the firms’ behavior satisfies assump-

tions that can be described by nonempty-valued correspondences mapping ex-

ogenous characteristics (both observed and unobserved) into sets of admissible

distributions over endogenous outcomes. We call such correspondences solution

concepts.5 For instance, the assumption that each firm maximizes its profits and

this fact is common knowledge among the firms (rationalizability) can be charac-

terized by the solution concept qR, illustrated in Figure 1. When ẽi < β01xi − β̃0i,

entering the market is strictly dominant for player i. When ẽi > β01xi, staying

out of the market is strictly dominant for player i. This results in four regions

of the payoff space in which the game has a unique rationalizable outcome, and

qR contains a unique distribution assigning full probability to it. In the remain-

ing region—the multiplicity region—rationalizability imposes no restrictions on

behavior, and thus qR maps to the set of all distributions over Y .

As another important example, let qNE be the correspondence that captures

the assumptions that firms always play a NE of the corresponding simultaneous

complete-information game. Since NE actions are rationalizable, qNE coincides

5See Section 6 for a formal definition.
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ẽ2

ẽ1

β02x2

β02x2 − β̃02

β01x1

β01x1 − β̃01

no entry
firm 1 monopoly

firm 2 monopoly
duopoly

multiple

Figure 1 – qR and qNE correspondences for different realizations of ẽ.

with qR in the regions in which qR is single-valued. However, in the multiplicity

region, qNE consists of only three points: a strictly mixed NE and two degenerate

distributions corresponding to pure strategy NE. We will impose assumptions

under which, assuming qR, it is possible to identify whether the choices of the

firms satisfy qNE.

2.2. Policy implications

Assuming an incorrect solution concept can result in completely misleading

policy implications. To see this, suppose that a policymaker wants to maximize

the number of markets that are served by at least one firm. As a policy instrument,

she can choose to offer a subsidy δ > 0 to one firm, say firm 1, for entering markets

in which firm 2 does not enter.6 She actually knows the payoff parameters, and

she evaluates the policy assuming that firms always play PNE.

However, suppose that the policymaker’s assumption is incorrect. Firms in

fact do not always play PNE. Instead, their behavior is rationalizable, but they

never enter when their profit functions lie in the multiplicity region. This could

happen, for instance, if the firms were ambiguity averse when facing strategic

uncertainty, and they used maxmin strategies when the game is not dominance

solvable. Let q′ be the correspondence that describes this behavior.

Pure equilibria in the multiplicity region always predict monopolies. Hence,

6Entry subsidies are often used to incentivize the provision of strategic goods such as broad-
band internet access (Goolsbee, 2002). This section considers a specific kind of subsidy that
allows for a clear and stark exposition. Appendix A discusses more realistic subsidy schemes.
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ẽ2
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Shrinkage of no-entry
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multiplicity region

β02x2

β02x2 − β̃02

β01x1

β01x1 − β̃01

β01x1 + δ

E+

E−

Figure 2 – Effect of the proposed policy.

under the PNE hypothesis, all markets are served except for those in which not

entering is dominant for both firms. The policy being evaluated decreases the

probability of the latter region (see Figure 2). Therefore, under the policymaker’s

assumptions, the policy unambiguously reduces the number of markets without

service, independently of the parameter values.

However, given the true behavior of the firms, the effect of the policy is always

smaller than under the PNE hypothesis. It can even have the opposite direction

for some parameter values. This happens because the policy also increases the

probability of the multiplicity region and, under the true behavior, firms never

enter in this region. A firm might be willing to forego the subsidy, for fear that

another firm might also enter the market, which would result in negative profits.

The net effect of the policy on the probability of monopolies is given by the

difference between the probability of regions E+ and E− in Figure 2. For some

parameter values and realized covariate values the adverse effect can actually

dominate, and the policy may actually increase the probability that a market is

not served. For example, one can easily verify that this is the case whenever the

error terms are i.i.d. standard normal and Φ(β02x2 − β̃02) < 2Φ(β02x2) − 1, where

Φ is the standard normal c.d.f..
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3. Econometric framework

3.1. Data generating process

Each instance of the environment is characterized by an endogenous outcome y

from a finite set Y , a vector of exogenous characteristics observed by the researcher

x ∈ X ⊆ R
dx , and a vector of error terms e ∈ E ⊆ R

de .

Assumption 1 (Data generating process) Random objects y : Ω → Y , x : Ω → X,

and e : Ω → E, are defined on a probability space (Ω,F ,Pr). The error terms

e are uniformly distributed on [0, 1]de, and are independent of x. The researcher

observes the joint distribution of (x,y).

The restriction on the distribution of the e is a normalization. The unobserved

characteristics of the environment are modeled as a function ẽ = ẽ(e,x, ρ0), known

up to the unknown parameter ρ0. In order to distinguish ẽ from e, we call ẽ struc-

tural errors. Since we don’t impose any restrictions on ẽ, the structural errors can

have general distributions and correlation structures. For example, suppose that

the structural errors ẽ in the entry game from Section 2 are normally distributed

with variances normalized to be 1, and correlation ρ0 ∈ (−1, 1) independently of

x. Then, it suffices to set:

ẽ(e, x, ρ0) =





Φ−1(e1)

ρ0Φ−1(e1) +
√

1 − ρ2
0Φ−1(e2)



 . (1)

With slight abuse of notation, we identify distributions over Y with vectors

on the ‖Y ‖-dimensional simplex ∆(Y ). We denote the observed distribution of

y conditional on x by µ0(x), and the unknown distribution of y conditional on

x and e by h0(e,x). Let H be the set of measurable functions from E × X to

∆(Y ). We call each such a function a possible distribution of play, and h0 the

true distribution of play. A possible distribution of play h ∈ H is consistent with

the observed data if and only if:

µ0(x) = E [ h(e,x)|x ] a.s.. (2)

By construction, we know that h0 is consistent with the observed data.
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Example 3.1 Consider the entry model from Section 2, and suppose that agents

always randomize uniformly across all NE. For (e, x) such that (ẽ(e, x, ρ0), x) is

in the multiplicity region, let p∗
−i = (βi0xi − ẽi(e, x, ρ0))/β03 be the probability of

firm −i entering in the unique mixed NE. We suppress the explicit dependence on

(e, x) for brevity of notation. Then, the true distribution of play is characterized

(up to a null-set) by:

hUNE(e, x) =







































δ(1,1) if ẽi(e, x, ρ0) < β0ixi − β03 for i = 1, 2

δ(0,0) if ẽi(e, x, ρ0) > β0ixi for i = 1, 2

δ(1,0) if ẽ(e, x, ρ0) ∈ E1(x)

δ(0,1) if ẽ(e, x, ρ0) ∈ E2(x)

ψ∗(ẽ(e, x, ρ0), x) otherwise

,

where δy denotes the distribution that assigns full probability to outcome y,

Ei(x) =







ẽ

∣

∣

∣

∣

(ẽi < β0ixi − β03 and ẽ−i > β0−ix−i − β03)

or (ẽi < β0ixi and ẽ−i > β0−ix−i)







corresponds to the region where i’s monopoly is the only rationalizable outcome

for i = 1, 2 (see Figure 1), and

ψ∗(ẽ, x) =
1

3

(

(1 − p∗
1)(1 − p∗

2), 1 + p∗
2(1 − p∗

1), 1 + p∗
1(1 − p∗

2), p∗
1p

∗
2

)

T

specifies the probability of each outcome (0, 0), (0, 1), (1, 0) and (1, 1), respectively,

in the multiplicity region.

3.2. Structural parameters

The researcher is interested in a random structural index that takes values

in a known set U ⊆ R
du , and is given by a parametric function of the primitive

exogenous characteristics of the environment. To fix ideas, let U ⊆ R
‖I‖×‖Y ‖,

and interpret the value of the index as representing the agents’ preferences over

outcomes.

Assumption 2 (Structural parameters) The structural index u0 : Ω → U is given by

u0 = u(β0, e,x), where u : B × E × X → U is a known measurable function and
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β0 is a finite-dimensional vector of parameters belonging to a known set B ⊆ R
dβ .

Note that the structural index is written as a function of e, rather than the

structural errors ẽ. Hence, one should think of the vector of structural parameters

β0 as containing the parameters ρ0, which map e to ẽ.

We have not yet introduced any link connecting β0 to the observed data de-

scribed in Assumption 1. Hence, we need additional assumptions, both in order

to learn something about β0 from the data, and to make predictions based on

each candidate value of β0.

3.3. Solution concepts

We focus on a special kind of structural assumptions which make set predic-

tions about the distribution of endogenous outcomes as a function of the charac-

teristics of the environment.

Definition 1 A solution concept is a nonempty-valued and closed-valued corre-

spondence q : B ×E ×X ⇒ ∆(Y ), such that

{

ω ∈ Ω
∣

∣

∣ Ψ ∩ q(β, e(ω),x(ω)) 6= ∅
}

∈ F , (3)

for every β ∈ B and every closed set Ψ ⊆ ∆(Y ).

Equation (3) is a measurability condition requiring that q(β, e,x) should be

a random set for every β ∈ B (Molchanov, 2006). Although we define solution

concepts in terms of primitives x and e, and not in terms of u0, the fact that they

depend on the structural parameters provides the missing link between the data

and β0.

Definition 2 A pair (β, h) ∈ B ×H jointly satisfies q if:

h(e,x) ∈ q(β, e,x) a.s., (4)

and q is satisfied if (β0, h0) jointly satisfies it.

Example 3.2 An example of a solution concept is the NE correspondence qNE de-
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scribed in Section 2.1. Since qNE consists of locally isolated points, it presumes

that h(e, x) corresponds to a particular NE given (e, x). In particular, the distribu-

tion of play hUNE from Example 3.1 does not satisfy qNE. However, it does satisfy

the solution concept Nash equilibrium with public randomization qPRNE defined by

qPRNE(β, e, x) = co(qNE(β, e, x)), where co( · ) denotes the convex-hull operator.

3.4. Identification

The main objective of the paper is to determine which solution concepts ac-

curately characterize the behavior of the agents, that is, which solution concepts

are satisfied by (β0, h0) in the sense of Definition 2. To address this issue, we have

to determine which distributions of play and structural parameters are consistent

with the data. To narrow these sets, we restrict the parameter space through

a series of structural assumptions, each of them stating that (β0, h0) belongs to

some known set Θ ⊆ B ×H .

Definition 3 The sharp identified set for (β0, h0) under assumption Θ consists of

the set of pairs (β, h) ∈ Θ such that h is consistent with the observed data, i.e.,

it satisfies Equation (2).

Definition 4 A solution concept q is consistent with the data under Θ if it is

jointly satisfied by some (β, h) belonging to the sharp identified set under Θ.

We have thus defined two different properties for any given solution concept.

We say that it is satisfied if the actual distribution of play belongs to it almost

surely, and we say that it is consistent if the observed data could be generated

by a choice pattern that satisfies it. In general, only consistency can be directly

tested. However, the researcher may be interested in whether a solution concept

accurately characterizes behavior, as this may be crucial for the validity of coun-

terfactual analyses. Our main result (Theorem 6.1) establishes conditions under

which these two properties are equivalent, thus enabling to test which solution

concepts are satisfied.
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4. Identifying the distribution of play

In this section, we make two assumptions that allow us to solve (2), in order

to recover the true distribution of play from the observed distribution µ0. The

first assumption is an exclusion restriction requiring that some of the observed

covariates only affect choices through the structural index. The second assumption

is a richness condition requiring that these covariates have sufficient heterogeneity

and generate sufficient variation in the distribution of the structural index.

Suppose the observable covariates can be written as x = (wT, zT)T, where z

represents those excluded covariates that only affect choices through the structural

index. Let W and Z denote the supports of w and z, respectively. The following

assumption requires that h0(e,x) does not depend on z, given u0 and w.

Assumption 3 (Exclusion restriction) The distribution of play h0(e,x) is measur-

able with respect to the σ-algebra generated by (u0,w), i.e., there exists a mea-

surable function h̃0 : U ×W → ∆(Y ) such that h0(e,x) = h̃0(u0,w) a.s..

In terms of the underlying game, and having a fixed solution concept in mind,

Assumption 3 imposes some restrictions on the way agents choose between dif-

ferent equilibria. Namely, it requires the average of the selected equilibria to be

independent of e and z conditional of w and u0. This is the only assumption that

we impose on selection criteria. Also, by only assuming conditional independence,

we allow for the possibility that z could affect the selection, but only through u0

or w. This assumption is implied by commonly used assumptions.7 For instance,

Bajari et al. (2010) allows equilibrium selection to be random, but the probability

of choosing each equilibrium is fully parametric and depends only on payoffs. In

turn, other papers make the much stronger assumption that players always choose

the same equilibrium.

The next assumption is that the collection of distributions of u(β, e,x) condi-

tional on different realizations of z constitutes a boundedly complete family. See

Andrews (2011) for more details on boundedly complete families.

7 In fact, Henry and Mourifie (2012) shows that non-parametric point identification of payoffs
assuming Nash equilibrium is not possible in 2 × 2 games without imposing restrictions on the
selection criteria.
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Assumption 4 (Bounded completeness) For every measurable and bounded func-

tion g : U ×W → [−1, 1], if E [ g(u0,w)|w, z ] = 0 a.s., then g(u0,w) = 0 a.s..

Assumption 4 is implied by Assumption 4’ below, which is in turn satisfied

by all models with additive errors with normal or extreme-valued distributions,

and also by more general specifications commonly used both in applied work (e.g.,

Ciliberto and Tamer (2009)), and in numerical simulations from theoretical work

(e.g., Kline (2016)).

Assumption 4’ There exists a random variable v with support V ⊆ R
dv , and

known functions ũ : B × V × W → U and m : Z → R
dv such that (i) u0 =

ũ(β0,v,w) a.s., (ii) the distribution of v conditional on x belongs to the exponen-

tial family with m(z) as a parameter, and (iii) the support of m(z) conditional on

w contains an open set a.s..

Condition (i) means that v is a sufficient statistic for u0 given w. Conditions

(ii) and (iii) are standard assumptions which imply that, given β and w, the

collection of distributions of v conditional on different realizations of z constitutes

a complete family of distributions (see Theorem 2.12 in Brown (1986)). Since u0

is measurable with respect to v, the collection of conditional distributions of u0

is also complete. Therefore, Assumption 4’ implies Assumption 4.

There are two crucial restrictions imposed by Assumption 4’. First, the distri-

bution of the structural errors should belong to the exponential family (or another

boundedly complete family). Second, there must be continuous error-specific co-

variates that shift the effect of each error term. It is very flexible in terms of the

functional forms that satisfy it. It is satisfied by our entry game (see Section 4.1),

and by pricing games both with linear and logistic demand systems as the ones

studied in Berry et al. (1995). It is also satisfied whenever v is a linear function

of e and x, and the covariate space has at least the same dimension as the error

space. Therefore, it incorporates a large class of multiple-index models. Consider

for instance the following example based on the classical teamwork model from

Hölmstrom (1982).

Example 4.1 Partners i ∈ I = {1, . . . , ni} participate in a joint-venture. Each

partner provides a level of non-contractible effort yi ∈ {0, 1, . . . , ny}. The private

cost ci and productivity ai for agent i are given by ci = c(β0,w, β0iczic + ẽic) and
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ai = a(β0,w, β0iazia + ẽia), where (ẽic, ẽia) are agent specific shocks, (zic, zia) are

excluded covariates, and c and a are known functions. Per capita output is given

by a known function π of a = (ai)i∈I and y = (yi)i∈I . Output is shared equally so

that the realized utility function for player i is u0i(y) = π(a, y) − yici.

Assume that the structural agent-specific shocks (ẽic, ẽia)i∈I are i.i.d. accord-

ing to the Gumbell distribution with parameter (0, 1), that is, the c.d.f. of each

ẽij is Fẽij
(ẽij) = exp(− exp(−ẽij)). Let v = (β0iczic + ẽic, β0iazia + ẽia)i∈I and

z = (zic, zia)i∈I . Clearly, u0 can be expressed as a known function of (w,v). Fur-

thermore, the family of distributions of v conditional on x = (w, z) belongs to

the exponential family with m(z) = (β0iczic, β0iazia)i∈I as a parameter.8 Hence,

Assumption 4’ is satisfied as long as the support of z conditional on w contains

an open ball and β0ic, β0ia 6= 0 for all i.

Assumptions 3 and 4 are sufficient to guarantee that the true distribution of

play is point identified up to the vector of unknown structural parameters β0.

Proposition 4.1 Under assumptions 1–4, if (β, h) and (β, h′) belong to the sharp

identified set, then h(e,x) = h′(e,x) a.s..

Proof. Let (β, h) and (β, h′) be consistent with the data and satisfy the assump-

tions of the proposition. The consistency condition (2) implies that

E [ h(e,x) − h′(e,x)|x ] = µ0(x) − µ0(x) = 0 a.s..

By Assumption 3, there exist functions h̃, h̃′ : U×W → ∆(Y ) such that h(e,x) =

h̃(uβ,w) and h′(e,x) = h̃′(uβ ,w) a.s., where uβ = u(β, e,x). Therefore,

E

[

h̃(uβ,w) − h̃′(uβ,w)|x
]

= E [ h − h′|x ] = 0 a.s..

8Let ṽi = β0iczic + ẽic, ṽ2i = β0iazia + ẽic, m̃i = β0iczic and m̃2i = β0iazia for i = 1, . . . , ι, so
that v = (ṽi, ṽ2i)i∈I and m(z) = (m̃i, m̃2i)i∈I . Then, the p.d.f. of v conditional on x is:

f
v|x(v|x) =

ι
∏

i=1

fẽic
(vic − β0iczic)fẽia

(via − β0iazia)

= Ψ(v) exp

(

2ι
∑

i=1

ηi(m(z))Ti(v) − φ(m(z))

)

,

where Ψ(v) = exp (−∑ι

i=1
(ṽi + ṽ2i)), φ(m(z)) =

∑ι

i=1
(m̃i + m̃2i), and Ti(v) = exp(−ṽi),

T2i(v) = exp(−ṽ2i), ηi(m(z)) = m̃i and η2i(m(z)) = m̃2i, for i = 1, . . . , ι.
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Because uβ satisfies Assumption 4, it follows that h̃(uβ,w) = h̃′(uβ ,w) a.s., and,

consequently, h(e,x) = h′(e,x) a.s.. �

4.1. Distribution of play in the entry game

Now let us consider the problem of identifying the distribution of play in

our entry model with normally distributed errors. For now, assume that profit

functions are common knowledge, and that the true solution concept is measurable

with respect to u0. Under these conditions, Assumption 3 is satisfied as long as

the way firms choose between equilibria depends only on the firms’ preferences.

There could be some observable covariates that affect the selection criteria

beyond their direct effect on payoffs. These may include, for example, the relative

size of the firms, the relationship of the firms with the market (domestic vs. for-

eign), or the experience of the firms’ managers. Fortunately, Assumption 3 does

not require that the distribution of play should be unaffected by all covariates.

It could still be satisfied as long as there exist some excluded covariates which

generate enough variation in u0.

As for Assumption 4, u0 can be written as u0i(y) = (vi − β03y−i)yi, where

vi = β0ixi − ẽi. Note that

v|x = x ∼ N









β10x1

β20x2



 ,





1 ρ0

ρ0 1







 .

Since normal distributions belong to the exponential family, Assumption 4’ is

satisfied. Hence, the true distribution of play is point identified up to β0.

5. Point identification of structural parameters

We impose a high-level assumption that is sufficient for point identification

of β0. The condition is also necessary for point identification of β0 under our

exclusion restriction. It encompasses standard approaches used elsewhere in the

literature, including, for instance, the identification-at-infinity approaches from
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Tamer (2003) and Bajari et al. (2010).

Assumption 5 (Identifying single predictions) There exists a known family of pairs

(hk, (Xk(t))t≥0)k∈[0,1], with hk : B × E ×X → ∆(Y ) measurable, and Xk(t) ⊆ X

with Pr(Xk(t)) > 0, such that for every k:

lim
t→∞

Pr
(

h0(e,x) = hk(β0, e,x)

∣

∣

∣

∣

x ∈ Xk(t)
)

= 1, (5)

and for each β ∈ B with β 6= β0 there exists some k∗ such that:

lim
t→∞

E

[

hk∗(β0, e,x) − hk∗(β, e,x)
∣

∣

∣

∣

x ∈ Xn
k

]

6= 0. (6)

Condition (5) requires that, for some (limiting) regions of the covariates’ sup-

port, the conditional probabilities of outcomes are known up the structural pa-

rameter. Condition (6) then requires that these probabilities identify β0.

Proposition 5.1 Under assumptions 1–3, Assumption 5 is sufficient and neces-

sary to point identify β0.

Proof. Sufficiency — If (β, h) belongs to the identified set under Assumption 5,

Condition (5) implies that for every k:

lim
t→∞

E

[

hk(β, e,x)
∣

∣

∣x ∈ Xk(t)
]

= lim
t→∞

E

[

h(e,x)
∣

∣

∣x ∈ Xk(t)
]

= lim
t→∞

E

[

h0(e,x)
∣

∣

∣x ∈ Xk(t)
]

= lim
t→∞

E

[

hk(β0, e,x)
∣

∣

∣x ∈ Xk(t)
]

,

where the second equality follows from (2). Moreover, if Assumption (5) is satisfied

and β 6= β0, then, by Condition (6), there would exist some k∗ such that

lim
t→∞

E

[

hk∗(β0, e,x)

∣

∣

∣

∣

x ∈ Xk(t)
]

6= lim
t→∞

E

[

hk∗(β, e,x)
∣

∣

∣x ∈ Xk(t)
]

.

Therefore, if (h, β) belongs to the sharp identified set under assumptions 1–3 and

5, then β = β0.

Necessity — Suppose that β0 is point identified under assumptions 1–3, and

take any β ∈ B, β 6= β0. By Assumption 3, there exists some h̃0 : U ×W → ∆(Y )
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such that

µ0(x) = E

[

h̃0(u0,w)
∣

∣

∣x
]

a.s..

Since we are not assuming bounded completeness (Assumption 4), there might be

more than one function satisfying this condition. Any such function suffices for

our purposes. Moreover, since β0 is point identified and µ0 is observed, we can

treat h̃0 as known.

Let hk∗(β, e, x) = h̃0(u(β, e, x), w). Because β does not belong to the sharp

identified set under 1–3, it must be the case that

µ0(x) 6= E

[

h̃0(u(β, e,x),w)
∣

∣

∣x
]

with positive probability. Hence, there exists some set Xk∗ ⊆ X with Pr(Xk∗) > 0

and such that

E

[

hk∗(β, e,x)
∣

∣

∣x ∈ Xk∗

]

= E

[

h̃0(u(β, e,x),w)
∣

∣

∣x ∈ Xk∗

]

6= E

[

h̃0(u0,w)
∣

∣

∣x ∈ Xk∗

]

= E

[

hk∗(β0, e,x)
∣

∣

∣x ∈ Xk∗

]

.

�

Note that we do not rely on bounded completeness to identify structural pa-

rameters. Also, the proof uses our exclusion restriction for establishing necessity,

but not for sufficiency. Assumptions 1, 2 and 5 are sufficient to point identify β0.

The rest of this section shows how payoff parameters can be point identified in

different specific settings.

5.1. Identification at infinity in the entry game

Consider the entry game from Section 2 with normally distributed structural

errors. Assuming rationalizable behavior and a smoothness condition, the struc-

tural parameters are identified at infinity.

Proposition 5.2 Under the following assumptions
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(i) The structural error satisfies (1), where the correlation ρ0 ∈ (−1, 1) is an

unknown structural parameter;

(ii) Firms make rationalizable choices, i.e., h0(e,x) ∈ qR(β0, e,x) a.s.;

(iii) h0 is continuously differentiable with respect to x in the multiplicity region;

the vector of structural parameters for the entry game β0 = (β01, β02, β̃01, β̃02, ρ0)
T

is point identified.

As usual, the mean utility parameters β0i and β̃0i are identified under ratio-

nalizability by the limit of i’s entry probabilities when x−i → ∞ and x−i → −∞.

See, for instance, Tamer (2003). The correlation parameter ρ0 requires additional

work. We identify it by analyzing the limit of the derivative ∂[µ0(x)](0, 0)/∂x1,

when x diverges along a specific direction. The details are in Appendix B. The

normality assumption can be relaxed to accommodate more general parametric

distributions.

5.2. Cournot oligopoly

The restriction to two firms, two actions, and linear payoff functions is not

crucial to identify the structural parameters. To see this, consider the following

Cournot competition example. Suppose there are nI firms, i ∈ {1, . . . , nI}. Each

firm chooses a quantity yi ∈ {1, 2, . . .} of an indivisible good to supply to the

market. Profits for firm i are given by

u0i(y) =



β̄01 + β0ixi − β̃0i

nI
∑

j=1

yj − ẽi



 yi,

where β̄0i, β0i, β̃0i > 0, and ẽi = F−1
i (ei) for some known c.d.f. Fi( · ). Note that,

when xi → −∞, there is a high probability that the only rational choice for firm

i is to choose yi = 0. When this is the case for all firms i 6= 1, firm 1 faces a

single-agent decision problem. Using this fact, we can show that

lim
x−i→−∞

Pr
(

y1 = 0
∣

∣

∣x = x
)

= 1 − F1

(

β̄01 + β01x1 − β̃01

)

lim
x−i→−∞

Pr
(

y1 = 1
∣

∣

∣x = x
)

= F1

(

β̄01 + β01x1 − β̃01

)

− F1

(

β̄01 + β01x1 − 3β̃01

)
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These equations identify β̄01, β01 and β̃01. Similarly, one can identify the rest of

the parameters.

5.3. Weaker behavioral assumptions

Since the main objective of this work is to identify patterns of behavior, it is

desirable to make as few behavioral assumptions as possible. Our two previous

examples rely on assuming that choices are rationalizable in each instance of the

game. This assumption might be systematically violated in different settings. One

possibility is that firms can enforce collusive agreements. In such settings, a firm

could agree to forego a profitable entry opportunity to increase the profit of other

firms, in exchange for reciprocal behavior in other markets. Another possibility

is that economic agents exhibit ambiguity aversion and utilize maxmin strategies

that violate subjective-expected-utility rationality. Our general approach can ac-

commodate these departures from rationalizability. Appendix C shows that payoff

parameters can be identified under mild behavior assumptions. In particular, we

only assume two rounds of elimination of absolutely dominated strategies in the

sense of Salcedo (2012) and Halpern and Pass (2012).

6. Identification of solution concepts

Recall that a solution concept is consistent with the data if it is satisfied by

some (β, h) belonging to the sharp identified set. Under the assumptions from

sections 4 and 5, the sharp identified set collapses to (β0, h0). Hence, under these

assumptions, a solution concept is consistent with the data if and only if it is

satisfied by the true structural parameters and distribution of play.

Theorem 6.1 Under assumptions 1–5, (β0, h0) are point identified, and a solution

concept is consistent with the data if and only if it is satisfied by the players’

behavior almost surely, i.e., if and only if h0(e,x) ∈ q(β0, e,x) a.s..

Proof. The result is a direct consequence of propositions 4.1 and 5.1. Suppose
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that q is consistent with the data, i.e., there exist (β, h) in the identified set which

satisfy q. By Proposition 5.1, we know that we have β = β0. Since (β0, h0) always

belongs to the identified set, it follows from Proposition 4.1 that h(e,x) = h0(e,x)

a.s.. Therefore, h0(e,x) ∈ q(β0, e,x) a.s.. �

Let us contrast Theorem 6.1 with the characterization from Beresteanu et al.

(2011), hereafter BMM. In the context of games, BMM deal with the identification

of payoff parameters assuming equilibrium behavior. However, one could add a

convex solution concept q0 as part of their parameter space. Then, assuming that

β0 is point identified, Theorem 2.1 in BMM would imply that q0 is consistent with

the data if and only if

µ0(x) ∈ E [ q0(β0, e,x)|x ] a.s., (7)

where E [ q0(β, e,x)|x ] denotes the conditional Aumann expectation of q0(β, e,x).

The expectation in (7) is taken over the unobserved heterogeneity embedded in

e. Hence, according to BMM’s characterization, a solution concept is consistent

as long as its restrictions are satisfied on average, conditioning only on x. In

contrast, under the assumptions of Theorem 6.1, the actual distribution of play

is point identified and the restrictions should be satisfied ex post, conditioning on

both x and e. This means that a solution concept is consistent with the data if

and only if the agents choices satisfy it almost surely.

Moreover, since condition (7) is expressed in terms of Aumann expectations,

it cannot discriminate between solution concepts whose Aumann expectations

coincide. For example, it cannot discriminate between qNE and qPRNE, as defined in

Example 3.2. Suppose for instance that firms in the entry game behave according

to the distribution of play hUNE from Example 3.1. Since hUNE is consistent with

qPRNE, and qPRNE and qNE have the same Aumann expectation, it follows that µ0,

β0 and qNE jointly satisfy (7). However, Theorem 6.1 implies that, in this case,

qNE would not be consistent with the observed data. For non-convex solution

concepts, condition (7) is necessary but not sufficient for consistency with the

observed data.
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6.1. Point identification of the solution concept

Theorem 6.1 can be used to establish point identification of the true solution

concept from a set of competing alternatives.

Assumption 6 (β0, h0) jointly satisfy at least one “true” solution concept q0 from

a known set Q.

Say that the solution concept is point identified if q0 is the only solution concept

in Q which is consistent with the data. By Theorem 6.1, q is consistent with the

data only if q(β0, e,x) contains the distribution of play a.s.. By Assumption

6, the distribution of play is in q0(β0, e,x) a.s.. Hence, as long as q(β0, e,x)

and q0(β0, e,x) are disjoint with positive probability, q cannot be consistent with

the data. Point identification is thus attained whenever every pair of competing

solution concepts make disjoint predictions with positive probability.

Corollary 6.2 Under assumptions 1–6, if for every q ∈ Q\ {q0} there exists some

F ⊆ E × X such that Pr((e,x) ∈ F ) > 0 and q(β0, e, x) ∩ q0(β0, e, x) = ∅ for

almost all (e, x) ∈ F , then (β0, h0, q0) is point identified.

Without imposing assumptions 3–5, two solution concepts q and q′ could be

consistent with the observed data, even if they make disjoint predictions with

positive probability. There could exists pairs (h, β) and (h′, β ′) which yield the

same distribution over observables, and are consistent with q and q′, respectively.

The content of the corollary is that, in that case, at least one of these pairs would

not be consistent with assumptions 3–5.

The condition from the corollary cannot help with nested solution concepts q, q′

with q(e, x) ⊆ q′(e, x) for all (e, x) ∈ E × X. However, the condition is sufficient

but not necessary. Theorem 6.1 implies that the smaller solution concept could be

ruled out if h0(e,x) ∈ q′(β0, e,x) \ q(β0, e,x) with positive probability. Similarly,

it is easy to construct examples in which it is possible to rule out the difference

q′ \ q.
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6.2. Identification of solution concepts in the entry game

One of the most commonly used behavior assumptions is that of Nash equi-

librium. It is tantamount to assuming that (i) each firm maximizes its prof-

its given its beliefs, and (ii) each firm holds correct beliefs about its opponents

(Aumann and Brandenburger, 2016). Our analysis implies that, assuming qR and

an exclusion restriction in the entry game, it is possible to test whether qNE is

satisfied. That is, assuming common knowledge profit maximization, it is possi-

ble to test whether firms actions are best responses to correct equilibrium beliefs

within the framework of our model. A testing procedure for this hypothesis can

be found in Kashaev (2016).

Moreover, point identifying the distribution of play helps to answer a wide

range of questions such as which equilbria are more likely to be played, whether

the players use mixed strategies, or whether choices are made sequentially or

simultaneously.

Example 6.1 Suppose that firms in the entry game play subgame perfect Nash

equilibria (SPNE), but the researcher does not know whether the firms choose

their actions simultaneously or sequentially, or which firm moves first. To keep

things simple, we consider only three solution concepts: qPRNE corresponds to the

simultaneous move game, and qi restricts behavior to be SPNE of the game in

which firm i always moves first, for i = 1, 2.

Our previous arguments to establish identification of β0 and h0 still apply.

Hence, in order to point identify q0 ∈ {qPRNE, q̄1, q̄2}, it suffices to establish the

sufficient condition from Corollary 6.2. Clearly, q1 and q2 satisfy the condition be-

cause qi predicts that i is the only entrant in the multiplicity region from Figure 1.

However, without further assumptions, Corollary 6.2 does not help to distinguish

between qPRNE and qi because they are nested for this particular game. This point

has been raised, for instance, by Bresnahan and Reiss (1990).

We overcome this issue by assuming that there is a different covariate z1 which

takes both positive and negative values with positive probability and such that:

u01(y) = (β01x1 − β03z1y2 − ẽ1)y1.

That is, firm 1 sometimes benefits from having firm 2 in the market. This assump-

tion can be justified considering asymmetric retailers. Suppose that firm 2 is a

24



large departmental store with a well renowned brand, and firm 1 is a small local

firm. Firm 1 may benefit from having firm 2 nearby, as firm 2 may attract a large

costumer flow, while firm 2 may still prefer to be a monopolist.

With this new covariate, it suffices to consider the set:

{

(x, ẽ, z1) ∈ R
5
∣

∣

∣ 0 < β2x2 − ẽ2 < β3 ∧ β3z1 < β1x1 − ẽ1 < 0
}

.

In this region, the simultaneous move game only admits an asymmetric mixed

strategy equilibrium, while the sequential games only admit pure strategy equi-

libria, and we thus have qPRNE ∩ qi = ∅. Therefore, by Corollary 6.2, all the

equilibrium concepts are distinguishable, and q0 is point identified.

7. Incomplete information games

In this section, we identify one of two different information structures for our

entry model. We assume that errors are normally distributed and independent

across firms and that the firms’ entry choices satisfy static equilibrium conditions,

and we allow for public randomization. We discriminate the assumption that

payoffs are common knowledge, versus the alternative hypothesis that each firm

i only observes x and ei, but not e−i.
9

Under the incomplete-information hypothesis, a pure strategy for i is a function

si : Ei → {0, 1}. The game only admits pure strategy BNE, and a strategy profile

s∗ is a BNE if and only if it satisfies

s∗
i (ei) =







0 if ei > ēi(x)

1 if ei < ēi(x)
, (8)

for some ē(x) = (ē1, ē2) such that

ēi(x) = β0ixi − β03Φ(ē−i(x)), (9)

9This application is closely related to the work of Grieco (2014) and Magnolfi and Roncoroni
(2016), who construct estimates for structural parameters in an entry environment that are
robust to different informational assumptions. In contrast, we focus on the possibility to discern
between different information structures.
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for i = 1, 2. There always exists at least one such equilibrium, and there are

multiple equilibria for some values of x. See Appendix D for more details. Let

qBNE denote the (convex hull) of the set of Bayes Nash Equilibria (BNE) of the

incomplete information game.

Our identification at-infinity-approach works under both qPRNE and qBNE, and

thus β0 is point identified. However, Theorem 6.1 cannot be directly applied to

this problem, because of our exclusion restriction (Assumption 3). For a solution

concept q to be consistent with this restriction, it has to admit a selection that

is measurable with respect to (u0,w). Our incomplete information entry game

does not admit any such selection, because qBNE changes depending on the public

information contained in x. To see this, let (x, e) and (x′, e′) be such that x′
1 > x1,

and:

e′
i = ei +

x1 − x′
1

β10
.

Then, the realized vNM indexes functions are the same, but ē(x) and ē(x′) differ.

Despite this difficulty, we can still discriminate between qPRNE and qBNE.

Proposition 7.1 (β0, q0) is point identified in the entry game under the assump-

tions that the structural error satisfies (1) with ρ = 0, and (β0, h0) satisfies either

qBNE or qPRNE.

Proof. Lemma D.1 in Appendix D shows that, as x diverges to infinity along a

specific path, the maximum probability of a duopoly under any NE of the complete

information game is strictly less than the minimum probability under any BNE of

the incomplete information game. This implies that there exists a set of X ′ ⊆ X

with Pr(X ′) > 0 and such that

E

[

qPRNE(β0, e,x)
∣

∣

∣X ′
]

∩ E

[

qBNE(β0, e,x)
∣

∣

∣X ′
]

= ∅. (10)

Consequently, condition (7) can either be satisfied by qPRNE or qBNE, but not by

both. Since (7) is a necessary condition for a solution concept to be consistent

with the data, this implies that we can discriminate between qPRNE and qBNE. �

While the equilibrium concepts can be identified in this case, the derivation is

far from trivial even when considering only two competing information structures

for a simple 2 × 2 game. In particular, it requires a full characterization of the set
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of equilibria for all possible realizations of the residuals, and integrating over a se-

lection of extreme points of these sets. Part of the value of Proposition 4.1, is that

it allows one to establish point identification in a straightforward way that does

not involve computing Aumann expectations. This suggests the need to further

investigate a more practical approach for models with incomplete information.

8. Conclusion

The current work analyzes discrete games using a general framework that in-

corporates the solution concept as a parameter of interest, and only requires mild

assumptions about behavior of players. We establish point identification of the dis-

tribution over the outcomes conditional on both observed and unobserved payoff

shifters. This allows one to conduct counterfactual analysis to derive valid policy

implications. Also, it allows one to identify whether a solution concept—convex

or not—is consistent with the observed data. For example, it is possible to test

whether firms’ entry choices satisfy NE conditions, or which equilibria are more

likely to arise in coordination problems. We also generalize the identification-at-

infinity-approach to point identify payoff parameters. Moreover, we show that

existence of known-single-predictions regions is not only sufficient, but also nec-

essary for point identification of the distribution of payoffs under our exclusion

restriction.

Our results apply to a general class of discrete complete-information games

both in strategic and extensive form. In its current state, our methodology can-

not be directly applied to general incomplete-information games, and relies on

semi-parametric assumptions. Incomplete information could be dealt with, if the

researcher observes covariates that were private information at the moment the

game was played, but became public after choices where made. As for the para-

metric restrictions, it is hard to conceive a full non-parametric approach, but

it may be feasible to allow for much greater flexibility by introducing random

coefficients. We leave these as open problems for future research.
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A. Alternative entry subsidy

The policy instrument discussed in Section 2.2 provides a very simple example

of how assuming an incorrect solution concept might yield completely misleading
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policy implications. Similar conclusions can be drawn with respect to different

forms of subsidy, but the analysis of the model becomes more cumbersome. For

example, a form of subsidy that is more common in real life consists of giving a

lump sum subsidy δ∗ > 0 to any firm that enters a market with some observable

characteristics (see, e.g., Goolsbee (2002)).

Again, under the PNE assumption, every market that would be served with-

out the policy would also be served with the policy. Hence, the policy has an

unambiguously positive effect (abstracting from the cost). However, once again,

the story is very different under the true behavior of the firms.

Proposition A.1 Suppose that firms make entry decisions in accordance with q′

as defined in Section 2.2. If δ∗ < β̃0i, i = 1, 2, then for every realization of the

covariates x, there exist an open set E(x) such that, if ẽ ∈ E(x), then the market

would be served only if there is no subsidy δ∗. Moreover, if ẽ1 and ẽ2 are i.i.d. with

c.d.f. F and p.d.f. f such that F (0) ≥ 1/2 and f(0) > 0, then there exist thresholds

x̄, δ̄∗, β̃0i > 0, such that if ‖x‖ ≤ x̄, δ∗ ≤ δ̄∗ and β̃0i ≥ β̃0i for i = 1, 2, then the

subsidy reduces the probability that a market is served conditional on x = x.

Proof. Let Ei(x) be the set given by

Ei(x) =







ẽ

∣

∣

∣

∣

β0ixi ≤ ẽi ≤ β0ixi + δ∗

and β0−ix−i − β̃0−i + δ∗ ≤ ẽ−i ≤ β0−ix−i







,

for i = 1, 2. The lower bound for ẽi and the upper bound on ẽ−i require that,

without the subsidy, (ẽ, x) belongs to the region where a firm-i monopoly is the

only rationalizable outcome, and hence the market would be served under q′.

The remaining inequalities require that, with the subsidy, (ẽ, x) belongs to the

multiplicity region and hence the market will not be served under q′. The set

E(x) = E1(x) ∪ E2(x) is exactly the set of markets for which there would be

served without the subsidy but not with the subsidy.

Let g(β, δ, x) denote the probability that a market is not served given the

subsidy δ∗ and parameters β, conditional on x = x. Under q′, g is given by the

probability of the no-entry region plus the probability of the multiplicity region

as shown in Figure 1, that is

g(β, δ∗, x) =
(

1 − F (β1x1 + δ∗)
)(

1 − F (β2x2 + δ∗)
)
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+
(

F (β1x1 + δ∗) − F (β1x1 + δ∗ − β̃1)
)

·
(

F (β2x2 + δ∗) − F (β2x2 + δ∗ − β̃2)
)

.

Differentiating with respect to δ∗ and evaluating at x = (0, 0)T yields

∂g

∂δ∗

∣

∣

∣

∣

∣

x=(0,0)T

= −2
(

1 − F (δ∗)
)

f(δ∗) +
(

F (δ∗) − F (δ∗ − β̃1)
)(

f(δ∗) − f(δ∗ − β̃2)
)

+
(

F (δ∗) − F (δ∗ − β̃2)
)(

f(δ∗) − f(δ∗ − β̃1)
)

.

Taking limits as β̃i → ∞, i = 1, 2, yields

lim
β̃1→∞
β̃2→∞

∂g

∂δ∗

∣

∣

∣

∣

∣

x=(0,0)T

= 2f(δ∗)(2F (δ∗) − 1).

The assumptions that F (0) ≥ 1/2 and f(0) > 0 imply that there exists some δ̄∗

such that, if δ < δ̄∗, this limit is strictly positive. By continuity of g, this implies

that for large values of β̃i and small values of ‖x‖, g is strictly increasing in δ∗

around δ∗ = 0. That is, a small subsidy would increase the probability that the

market is not served. �

B. Proof of Proposition 5.2

Fix any (ρ, h) satisfying assumptions (ii) and (iii). Let G,P : R2 → [0, 1] be

the functions given by

G(x) =

x1
∫

x1−β3

x2
∫

x2−β3

fẽ (ẽ1, ẽ2; ρ) [h0(β0, x, ẽ)](0, 0) de2 de1,

and

P (x) := [µ(x)](0, 0) = G(x) +

∞
∫

x1

∞
∫

x2

fẽ (ẽ1, ẽ2; ρ) de2 de1,
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where fẽ( · ; ρ) denotes the joint density of the structural error terms, given the

correlation parameter ρ. In words, G(x) is the probability that u falls in the

multiplicity region and firms do not enter the market, and P (x) is the probability

that firms do not enter the market, conditional on x = x and given (ρ, h).

Condition (iii) guarantees that G and P are differentiable and

∂P

∂x1

=
∂

∂x1



G(x) +

∞
∫

x1

∞
∫

x2

1√
1 − ρ2

φ(ẽ1)φ

(

ẽ2 − ρẽ1√
1 − ρ2

)

dẽ2 dẽ1





=
∂

∂x1



G(x) +

∞
∫

x1

φ(ẽ1)

[

1 − Φ

(

x2 − ρẽ1√
1 − ρ2

)]

dẽ1





=
∂G

∂x1
− φ(x1)

[

1 − Φ

(

x2 − ρx1√
1 − ρ2

)]

.

Therefore

1

φ(x1)

∂P

∂x1

= Φ

(

x2 − ρx1√
1 − ρ2

)

− 1 +
1

φ(x1)

∂G

∂x1

. (11)

This is the equation that we will use to identify ρ0. In order to do so, we will first

find a bound for |∂G/∂x1| that dissipates when x1 goes to −∞.

Note that

1

φ(x1)

∣

∣

∣

∣

∣

∂G

∂x1

∣

∣

∣

∣

∣

=
1

φ(x1)

∣

∣

∣

∣

∣

∣

∣

x2
∫

x2−β3

[h(x, x1, e2)](0, 0)fẽ(x1, ẽ2; ρ) dẽ2

−
x2
∫

x2−β3

[h(x, x1 − β3, e2)](0, 0)fẽ(x1 − β3, ẽ2; ρ) dẽ2

+

x1
∫

x1−β3

x2
∫

x2−β3

∂

∂x1
[h(x, e)](0, 0)fẽ(ẽ1, ẽ2; ρ) dẽ2 dẽ1

∣

∣

∣

∣

∣

∣

∣

≤ 1

φ(x1)

∣

∣

∣

∣

∣

∣

∣

x2
∫

x2−β3

φ(x1)f
ẽ2|ẽ1

(ẽ2|ẽ1 = x1; ρ) dẽ2

∣

∣

∣

∣

∣

∣

∣

+
1

φ(x1)

∣

∣

∣

∣

∣

∣

∣

x2
∫

x2−β3

φ(x1 − b3)f
ẽ2|ẽ1

(ẽ2|ẽ1 = x1 − β3; ρ) dẽ2

∣

∣

∣

∣

∣

∣

∣
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+
C

φ(x1)

∣

∣

∣

∣

∣

∣

∣

x1
∫

x1−β3

x2
∫

x2−β3

fẽ(ẽ1, ẽ2; ρ) dẽ2 dẽ1

∣

∣

∣

∣

∣

∣

∣

,

for some constant C > 0. For the inequality we use the triangle inequality, the fact

that h ∈ [0, 1], and the fact that |∂h/∂x1| is uniformly bounded in the multiplicity

region by some C, because h is continuously differentiable and the multiplicity

region is compact. Now we look at each of the terms on the right-hand side

separately.

The first term is equal to

x2
∫

x2−β3

1√
1 − ρ2

φ

(

ẽ2 − ρx1√
1 − ρ2

)

dẽ2 = Φ

(

x2 − ρx1√
1 − ρ2

)

− Φ

(

x2 − ρx1 − β3√
1 − ρ2

)

.

The second term can be written as

φ(x1 − β3)

φ(x1)
Pr
(

x2 − β3 < ẽ2 < x2

∣

∣

∣ ẽ1 = x1 − β3; ρ
)

<
φ(x1 − β3)

φ(x1)

= exp
(

β3x1 − 1

2
β2

3

)

.

And, finally, the third term is

C

φ(x1)
Pr
(

xi − β3 < ẽi < xi for i = 1, 2; ρ
)

<
C

φ(x1)
Pr(x1 − β3 < ẽ1 < x1; ρ)

= C

(

Φ(x1) − Φ(x1 − β3)

φ(x1)

)

.

Hence, we have that

1

φ(x1)

∣

∣

∣

∣

∣

∂G

∂x1

∣

∣

∣

∣

∣

< Φ

(

x2 − ρx1√
1 − ρ2

)

− Φ

(

x2 − ρx1 − β3√
1 − ρ2

)

. . . + exp
(

β3x1 − 1

2
β2

3

)

+ C

(

Φ(x1) − Φ(x1 − β3)

φ(x1)

)

.

Now we take any τ ∈ (−1, 1), and take limits as x1 → −∞ along the line

x2 = τx1.

lim
x1→−∞
x2=τx2

1

φ(x1)

∣

∣

∣

∣

∣

∂G

∂x1

∣

∣

∣

∣

∣

< lim
x1→−∞



Φ

(

(τ − ρ)x1√
1 − ρ2

)

− Φ

(

(τ − ρ)x1 − β3√
1 − ρ2

)

35



. . . + exp
(

β3x1 − 1

2
β2

3

)

+ C

(

Φ(x1) − Φ(x1 − β3)

φ(x1)

)





=

[

1

2
− Φ

(

−β3√
1 − ρ2

)]

1(τ = ρ) <
1

2
, (12)

where the limit of the last term disappears because, using L’Hôpital’s rule,

lim
x1→−∞

Φ(x1) − Φ(x1 − β3)

φ(x1)
= lim

x1→−∞

φ(x1) − φ(x1 − β3)

−x1φ(x1)

= lim
x1→−∞

1

x1

(

−1 + exp
(

β3x1 − 1

2
β2

3

))

= 0.

Using (11) and (12) together, we have that

lim
x1→−∞
x2=τx2

1

φ(x1)

∂P

∂x1
=















−1 if τ > ρ

p ∈ (−1, 0) if τ = ρ

0 if τ < ρ

. (13)

This condition point identifies ρ0. To see this, note that if (ρ, h) rationalizes the

data, we must have µ = µ0 a.s., and therefore P = P0 a.s.. Then, if we take limits

as in (13), we must converge to a number in (−1, 0) if and only if τ = ρ0, which

implies that we must have ρ = ρ0.

�

C. Identification at infinity

This appendix provides sufficient conditions for point identification of β0 using

an identification-at-infinity approach. We assume that, for some values of some

covariates, some players make choices to solve a given optimization problem with

probability approaching one (Assumption 8), and that the corresponding choice

models are identified (Assumption 9). Formulating these assumptions requires

some additional structure. First, outcomes should correspond to profiles of players’

actions.
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Assumption 7 Observable outcomes belong to a product space Y = ×i∈IYi.

Each Yi corresponds to the set of outcome characteristics that player i con-

trols. In our entry model, we have Yi = {0, 1}. Since we are neither specifying a

particular game tree nor a particular information structure, elements of Yi should

be interpreted as actions rather than strategies. However, we still can define best

response correspondences, as if Yi was a set of strategies in a simultaneous move

game. Let

BRi(y−i; β, e, x) = arg max
yi∈Yi

{

[gi(β, e, x)](yi, y−i)
}

be the set of actions yi ∈ Yi that would maximize i’s preferences given e and x if

i’s opponents chose y−i, and the value of true structural parameter was β.

Assumption 8 For every player i and each y−i ∈ Y−i, there exists a covariate xk

such that (i) u0i and xk are independent conditional on x−k = (xj)j 6=k, (ii) the

support of x−k is independent of xk, (iii) the support of xk is unbounded from

above, and (iv):

lim
xk→∞

E

[

[h0(e,x)]
(

BRi(y−i; β0, e,x)
)

∣

∣

∣

∣

xk ≥ xk

]

= 1. (14)

Assumption 8 is a joint assumption on the distribution of play and the payoff

distribution. The key condition is condition (iv) which requires that, for large

values of xk, player i faces a single-agent decision problem without uncertainty,

and makes choices which maximize his utility. It is satisfied in environments

satisfying the following two conditions. The first condition is that we can write:

uβ,−i(y) = v−i(y; β) + xk · 1(y−i = y∗
−i),

where v−i is independent of xk. This ensures that, when the value of xk is high,

the payoffs that players −i obtain from playing y−i become arbitrarily high.

The second condition is that players perform two rounds of eleimination of ab-

solutely dominated strategies in the sense of Halpern and Pass (2012) and Salcedo

(2012, §4).10 This mild rationality requirement is satisfied by all solution concepts

10 An action y0

i is absolutely dominated by y∗
i with respect to Y−i if miny

−i∈Y
−i

ui(y∗
i , i−i) >

maxy
−i∈Y

−i
ui(y0

i , i−i). That is, whenever the worst payoff that player i can get from playing
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which imply two rounds of (myopic) rationality, and by those which imply individ-

ual rationality. In particular, can accommodate different forms of collusion and

standard departures from Bayesian rationality. In any case, our assumptions are

implied by standard assumptions used elsewhere in the literature, for instance, in

Bajari et al. (2010).

Assumption 8 guarantees that, asymptotically, players faces single-agent deci-

sion problems. The next step is to assume that the observed distribution of opti-

mal choices in these problems identifies the parameters that govern the marginal

distribution of i’s payoffs.

Assumption 9 For every β ∈ B \ {β0} there exists a player i, a strategy profile

y∗, and a set X ′ ⊆ X, such that Pr(X ′) > 0, BRi(y
∗
−i; b0e,x) is single-valued a.s.

conditional on x ∈ X ′, and

Pr
(

y∗
i ∈ BRi(y

∗
−i; β0)

∣

∣

∣x ∈ X ′
)

6= Pr
(

y∗
i ∈ BRi(y

∗
−i; β)

∣

∣

∣x ∈ X ′
)

. (15)

Different standard sets of conditions imply Assumption 9. For example, one

could assume independent action specific additive residuals with a known distribu-

tion as Bajari et al. (2010), or semi-parametric single index models as Fox (2007).

In any case, these assumptions are sufficient to point identify β0 without imposing

more restrictive solution concepts.

Proposition C.1 Under assumptions 1–2 and 7–9, β0 is point identified.

Proof. When best response correspondences are single-valued almost surely, As-

sumptions 7, 8, and 9 imply Assumption 5. To see this, simply take Yk =

{yk
i } × Y−i, X

n
k = {xk ≥ n} × X−k, and hk(β0, e, x) = 1(BRi(y−i; β0, e, x), y−i).

The proof of sufficiency for Proposition 5.1 does not require Assumption 3. Hence,

the exact same argument can applies in this case. �

Our restriction to single-valued best response correspondences is not crucial.

The same result holds true without it, but the proof is significantly longer.

y∗
i is strictly greater than the best payoff she can get from playing y0

i .
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D. Omitted details from section 7

First we need to characterize the set of BNE. Note that, interim preferences

over pure strategies are represented by the expected utility function:

vi(a; x, ei) =
[

β0ixi − ei − β03 Pr(a−i(e−i) = 1 | x)
]

ai(ei). (16)

Since (16) is linear in ai, and the coefficient is monotone in ei, it follows that

best response correspondence is monotone in ei and the agent is generically not

indifferent. Hence, there can only be pure strategy BNE and they need to be

threshold strategies as in (8). Furthermore, such strategies constitute a BNE if

and only if each agent i is indifferent between entering and not entering, which is

exactly (9).

To establish existence, note that (9) can be rewritten as:

ē1 = f1(ē2) ≡ β01x1 − β03Φ(ē2) ∧ ē1 = f2(ē2) ≡ Φ−1

(

β02x2 − ē2

β03

)

,

and let f3(e2) = f1(e2) − f2(e2), for e2 ∈ (β02x2 − β03, β02x2). Note that f3 is

continuous, and converges to −∞ and ∞ at the extremes of these interval. Hence,

the mean value theorem implies that there exist some e2 such that f3(e2) = 0,

i.e., f1(e2) = f2(e2). There exists a set of parameters for which there are multiple

equilibria, but all equilibria are of this form.

It remains to establish the missing lemma for the proof of Proposition 7.1.

Lemma D.1 Let x(t) ∈ X be given by xi(t) = β03t/β0i. There exists some t0 ∈ R

such that MNE(t) < mBNE(t) for every t ≥ t0, where:

MNE(t) ≡ max
{

ψ(1, 1)
∣

∣

∣ ψ ∈ E [ q̄NE(β0)|x(t) ]
}

,

mBNE(t) ≡ min
{

ψ(1, 1)
∣

∣

∣ ψ ∈ E [ q̄BNE(β0)|x(t) ]
}

.

Proof. Note that x(t) makes the incomplete information game symmetric, so that

ē1(x(t)) = ē2(x(t)) for all t. Let ê(t) ∈ (β03(t− 1), β03t) be the minimum solution

to (9), so that the probability of (1, 1) in any BNE is bounded below by the
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probability of of (1, 1) in the BNE with thresholds ê(t), i.e.,

mBNE(t) = Φ2(ê(t)). (17)

On the other hand, for the complete information game, there are three regions

of realizations of ei. If ei > β03t then not entering is dominant for i, if ei < β03(t−1)

then entering is dominant for i, and, if ei ∈ (β03(t − 1), β03t) then i wants to

enter if −i is not entering, and wants to stay out if −i is entering. Hence, the

outcome (1, 1) can occur in equilibrium only if ei < β03(t − 1) for i = 1, 2 or

if ei ∈ (β03(t − 1), β03t) for i = 1, 2. In the first case, (1, 1) is the only Nash

equilibrium. In the former case, the game has two pure equilibria (0, 1) and (1, 0),

and a strictly mixed equilibrium in which (1, 1) occurs with some probability

q ∈ (0, 1). This implies that

MNE(t) = Φ2(β03(t− 1)) +
[

Φ2(β03t) − Φ(β03(t− 1))
]2

q2

< Φ2(β03(t− 1)) +
[

Φ2(β03t) − Φ(β03(t− 1))
]2

(18)

Now let G : R+ → R+ be the function defined by:

G(t) =
Φ2(e∗(t)) − Φ2(β03(t− 1))

[Φ(β03t) − Φ(β03(t− 1))]2

Combining (17) and (18), we can establish the desired result if we can show that

there exists some t0 such that G(t) > 1 for all t ≥ t0. We will actually show the

stronger result limt→∞ G(t) = ∞. To keep the notation simple, we assume from

here on that β03 = 1, the proof can be easily adapted to the general case with

β03 > 0.

First note that:

lim
t→∞

G(t) = lim
t→∞

Φ(ê(t)) − Φ(t− 1)

[Φ(t) − Φ(t− 1)]2
·
(

Φ(ê(t)) + Φ(t− 1)
)

= 2 · lim
t→∞

Φ(ê(t)) − Φ(t− 1)

[Φ(t) − Φ(t− 1)]2

Both the numerator and the denominator converge to 0, hence we would like to

apply L’Hôpital’s rule (further ahead we show that this can indeed be done, since

all the limits are well defined). For that purpose, recall that ê(t) is a (symmetric)
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solution to (9) with x = x(t), i.e.,

ê(t) = t− Φ(ê(t)).

Therefore, taking implicit derivatives with respect to t, it follows that ê is differ-

entiable and:

ê′(t) =
1

1 + φ(ê(t))
,

where φ denotes the standard normal p.d.f.. Hence, applying L’Hôpital’s rule, and

using the fact that φ′(x) = −x · φ(x), it follows that:

lim
t→∞

G(t) = 2 · lim
t→∞

φ(ê(t))ê′(t) − φ(t− 1)

2[Φ(t) − Φ(t− 1)][φ(t) − φ(t− 1)]

= lim
t→∞

(

φ(t− 1) − φ(ê(t))ê′(t)

φ2(t− 1)

)(

φ(t− 1)

Φ(t) − Φ(t− 1)

)(

φ(t− 1)

φ(t− 1) − φ(t)

)

≥ lim inf
t→∞

φ(t− 1) − φ(ê(t))ê′(t)

φ2(t− 1)
× lim

t→∞

φ(t− 1)

Φ(t) − Φ(t− 1)
. . .

. . . × lim
t→∞

φ(t− 1)

φ(t− 1) − φ(t)
.

We will show that the first term is strictly positive, the second limit equals +∞,

and the third one equals 1. This implies that limt→∞G(t) = +∞, thus completing

the proof.

We begin with the second and third limits. First note that:

φ(t)

φ(t− 1)
= exp

(

−1

2
t2
)

exp
(

1

2
(t− 1)2

)

= exp
(

1

2
− t

)

−−−→
t→∞

0.

This implies that:

lim
t→∞

φ(t− 1)

φ(t− 1) − φ(t)
= lim

t→∞

1

1 − φ(t)/φ(t− 1)
= 1. (19)

For the second limit, L’Hôpital’s rule and (19) imply that:

lim
t→∞

φ(t− 1)

Φ(t) − Φ(t− 1)
= lim

t→∞
(t− 1) × φ(t− 1)

φ(t− 1) − φ(t)
= +∞.
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The first limit is slightly more complicated because we do not have a closed

form expression for ê(t). Let g : R+ → R+ be the function defined by:

g(t) =
φ(t− 1) − φ(ê(t))ê′(t)

φ2(t− 1)
=

1 − φ(ê(t))
φ(t−1)

ê′(t)

φ(t− 1)

It only remains to show that lim inft→∞ g(t) > 0. Suppose towards a contradiction

that this is false. It is straightforward to see that g(t) ≥ 0, and thus this is

equivalent to supposing that lim inft→∞ g(t) = 0.

Under this supposition, there would exist an increasing sequence (tn) such that

lim tn = ∞ and lim g(tn) = 0. Now consider the sequence (rn) given by:

rn =
φ(ê(tn))

φ(tn − 1)

Since ê(t) belongs to (t− 1, t) for all t, it follows that rn ∈ (0, 1) for all n. Further

suppose towards a contradiction that lim inf rn < 1. This would imply that there

exists a subsequence (tmn
) such that rmn

−→ r∗ ∈ [0, 1). This however would

imply the contradiction:

lim g(tmn
) = lim

1 − rmn
ê′(tmn

)

φ(tmn
− 1)

= +∞ > 0,

where we used the facts that lim ê′(tmn
) = 1 and lim φ(tmn

− 1) = 0. Therefore,

if lim g(tn) = 0, then it must be the case that lim inf rn ≥ 1, and thus, since

rn ∈ (0, 1), it would follow that lim rn = 1. However, this would in turn imply

the contradiction:

lim g(tn) = lim
1 − rnê

′(tn)

φ(tn − 1)
≥ lim

1 − ê′(tn)

φ(tn − 1)
= lim

1 − 1
1+φ(ê(tn))

φ(tn − 1)

= lim
φ(ê(tn))

φ(tn − 1)
× 1

1 + φ(ê(tn))
= lim rn × lim

1

1 + φ(ê(tn))
= 1 > 0.

Therefore it must be the case that lim inft→∞ g(t) > 0, and the proof is thus

complete.

�
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E. Equilibrium selection in coordination games

By point identifying the distribution of play, our approach allows one to iden-

tify the probability that each equilibrium is played. The role of this selection cri-

teria is specially relevant in coordination games with multiple equilibria that are

ranked in the Pareto sense. Different theoretical literatures suggest that agents

are likely to coordinate on risk-dominant rather than efficient equilibria (e.g.,

Harsanyi and Selten (1988) and Carlsson and Van Damme (1993)). This has im-

portant welfare implications as it opens the possibility of welfare-improving poli-

cies. However, experimental evidence suggests that agents may coordinate on

different equilibria depending on the specific payoffs (Battalio et al., 2001). Our

methodology might bring some light to this issue by identifying the likelihood

of different equilibria for different real life situations, and how these likelihoods

depend on the characteristics of the environment.

To fix ideas, we analyze a particular n-player coordination game modelling

a regime-change environment. However, similar payoff structures can be used

to model various situations including coordinated attack problems (Rubinstein,

1989), bank-runs and currency attacks (Morris and Shin, 2003), or tacit collusion

in oligopolistic markets Green et al. (2014).

Consider a small village with citizens i ∈ I = {1, 2, . . . , ι}. At a given time,

each citizen chooses whether to manifest discontent towards the current regime

(revolt) or not, yi ∈ {0, 1}. The regime is changed if and only if the proportion of

citizens revolting is greater than some threshold given by

t = Φ(ηT

0 w + η0IzI + eI),

where Φ is the standard normal p.d.f.. We normalize the payoff from not revolting

to 0, and assume that the payoff from revolting is given by

u0i(1, y−i) =







λT

0 w + λ0izi + λ∗
0iz

∗
i + e∗

i if
∑

i yi > t · ι
γT

0 w + γ0izi + γ∗
0iz

∗
i + ei otherwise

.

In our specification z = (zI , (zi, z
∗
i )i∈I) is the vector of excluded covariates sat-

isfying Assumption 3, x = (w, z) is the vector of observed covariates, e =

(eI , (ei, e
∗
i )i∈I) is the vector of error terms, and β0 = (η0, λ0, γ0, (λ0i, λ

∗
0i, γ0i, γ

∗
0i)i∈I)
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is the vector of unknown structural parameters.

We maintain the assumption that payoffs are common knowledge and the

citizens play NE, but we remain agnostic about which equilibria are more likely

to arise. A coordination problem arises when citizens want to manifest discontent

if and only if the revolt is successful, and t > 1/ι, meaning that more than one

player is required for a successful revolt. In that case, there is a NE in which

no one revolts, and it is Pareto dominated by a different NE in which everyone

revolts. However, depending on the realized utility functions, the inefficient NE

might be risk-dominant.

We do not require a lot of structure on w nor the signs of the parameters. We

simply assume that (i) the distribution of the error terms belongs to the exponen-

tial family, (ii) the excluded covariates z are continuous and their coefficients are

different from zero, and (iii) the support of zI and zi for i ∈ I is the entire real

line.11 Covariate zI should be something that affects the strength or resiliency of

the current regime. For instance, it could be an indicator of the financial health of

the regime. Each zi and z∗
i should affect how much citizen i cares about changing

the regime or about being on good terms with the current regime (in case the re-

volt fails). For instance, one could use household income or, better yet, an proxy

for the proportion of i’s business that depend on the current regime.

Our identification-at-infinity approach can be used in this setting to point iden-

tify β0. However, even if β0 was not point identified, our assumptions guarantee

that Proposition 4.1 applies. Therefore h0 is point identified, at least up to β0.

This makes it possible to recover from the data the average distribution of choices

for each possible realization of the vNM indexes. Hence, we can measure the exact

welfare loss arising from miss-coordination or coordination on inefficient equilibria,

and the probability that each kind of equilibrium is selected as a function of the

characteristics of the environment.

Ü///

11We use the same covariates to identify payoff parameters and the distribution of play, but
we do so only to keep the notation simple. In general, we do need some excluded covariates and
some unbounded covariates, but they need not be the same.
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