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@ Motivation



n-firm Cournot competition

Rationalizablity

e n firms choose quantities Q; € R+

e Price is determined by the market and payoffs are:

u(Q) = Q; (Po —k=> Qj>

If there is only one firm (monopoly), the only rational action is

QY = %(Po — k)

e |f there are two firms (duopoly), the only rationalizable action is
p 1
Qr = g(PO — k)

If n > 2 then any action in [O, QM} is rationalizable!



n-firm Cournot competition
Equilibrium

Proposition

In the unique Nash equilibrium every firm chooses Q; = ﬁ(Po — k)

e Firm /'s best response is given by
1
BR(Q-1) = 5 (Po—k=32,.Q)) (1)

® Since best responses are single valued, players cannot be indifferent, and
therefore every NE is in pure strategies

Let Q* € R/, be a NE, for / we have Q] = BR;(Q";) and thus from (1):
Q=R —k=3Q ()

This implies Q7 = Qf and hence >, Qf = nQ;
From (2) this implies

* * * 1
Q=R—-k=nmQ = Q=-—=F(R-k
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Example: Meeting in NY

ckh|1,1]0,0

GCS | 0,0 (1,1




® Equilibrium



® Equilibrium
Nash equilibrium



Mixed strategies

A mixed strategy for player i is a distribution o; € A(S;)

A mixed strategy profile is a vector of mixed strategies 0 = (0)/¢e/

We use the notation o_; = (0;), and o = (0}, 0_)

The probability of strategy profile s according to ¢ is

o(s) = HU/'(S/)

i€l

There are (at least) two possible interpretations:

e Randomization — 0(s;) is the probability that player i chooses s;

e Conjectures — o_;(s_;) is i's conjecture about —i's choices



Nash equilibrium

A Nash equilibrium is a mixed strategy profile o* for which there
are no profitable unilateral deviations

i.e. such that for every player i and every strategy s; € S; such that
oi(s;) > 0 and every potential deviation s/ € S;:

Z o-i(s-i)ui(si,s-i) = Z o_i(s-i)uj(s], s-i)

s_;€S_; s_j€S_;

In a NE, each player must be indifferent between all the strategies
he/she chooses with positive probability

This fact can be used to compute NE



Example: matching pennies

H |1, -1]-1,1

T |-1,1]1, -1

e There are no NE in pure strategies

e For player 1 to be willing to randomize, it must be the case that

E[wui(H, s2] = 02(H)(1) 4+ 02(T)(-1)
= 052(H)(=1) + 02(T)(1) = E[tn (T, s3]

Which implies o2(H) = 02(T) = 1/2

A similar argument yields o1(H) = 01(T) =1/2

Hence the unique NE is ((1/2,1/2), (1/2,1/2))



Every finite game has at least one NE (also every compact game
with continuous payoffs)

Strategies which played in NE are rationalizable

If the game is dominance solvable, then the surviving strategy
profile is a NE

Generic finite games have an odd number of equilibria

Finding all the NE of a game is a difficult computational problem



Example: a game of chicken

e The game has two NE in pure strategies, (W, S) and (S, W)
e It also has a mixed NE o* = ((1/2,1/2), (1/2,1/2))
e The corresponding expected payoffs are:

UW,S)=(1,5) UW,S)=(51) U(s")= (2.5, 2.5)



® Equilibrium

Correlated equilibrium



“If there is intelligent life on other planets, in a majority of
them, they would have discovered correlated equilibrium before
Nash equilibrium”

— Roger Myerson

e NE is defined in terms of mixed strategy profiles

e The resulting distribution over strategy profiles is a product distribution

a(s) = [, oi(si)

e |s there any good reason to impose the restriction that randomization
should be independent?

o |f we think about explicit randomization, could players not condition their
choices on correlated random variables?

e |f we think about conjectures, could i's beliefs about the choices of is
opponents not be correlated?



e Suppose that players hire a mediator to manage the game through
correlated private recommendations

e The mediator chooses a strategy profile s according to a pre-specified
distribution o € A(S), and privately informs each player about the
strategy s; that he/she is supposed to choose

® The marginal distributions are given by oi(si) = 3>_; cs  0(si, 5-i)

e o does not have to be a product distribution! it may be the case that
o(s) # [, oi(si), where o; is the marginal distribution

e Each player is informed only about his recommendations, hence for s;
such that o(s;) > 0O:

o(si,s-i)

pi(s-ilsi) = o(s-ilsi) = oi(si)



Correlated equilibrium

e A distribution o is a correlated equilibrium if and only if following
recommendations is a Nash equilibrium of the corresponding
mediated game

e o is a correlated equilibrium if and only if for every s; such that
oi(si) > 0 we have

Z ui(si, s—i) - o(s_ilsi) > Z ui(sf,s—i) - o(s_ils)

s_j€S_; s_j€S_;

e If we require 0(s) = [[;; 0i(si) then we obtain the definition of NE



Example: a game of chicken

Correlated strategies

W S W S
W | 4,4]1,5 W 01 | 62
S 5,110,0 S 03 | 04

e Distributions over S can be described by vectors 8 = (6,)%_; € R" with:

4
Zenzl and 6,>0 for n=1,234

n=1



Example: a game of chicken

Marginal and conditional distributions

W S W S
W 4,4 11,5 W 01 | 62
S 5,1]10,0 S 03 | 04

e Marginal distributions are given by:

O'1(W)291—|—92 0'1(5):93—|—94
O'Q(W):91—|—93 0'2(5):92—|—94

e Assuming o1(W) > 0 and 01(S) > 0, the distributions over s,
conditional on s; are given by:

0 0
o(ss=W|sy =W) = 8 —;62 o(ss=Slss=W) = 8 _i 5
03 04

o(s2=W]|s1 =85) = 51 0 o(s2=Sls1=5) = 810



Example: a game of chicken

Incentive constraints for the row player

W S W S
W 4,4 11,5 W 01 | 62
S 5,110,0 S 03 | 04

If 61 + 6> > 0, it must be the case that:

91 92 91 92
4 1 >5 0
<61+92>+ <61+92>— (91+92)+ <61+92>

Which is equivalent to 6> > 6

If 65 4+ 64 > 0, it must be the case that:

03 04 03 N
5 O 7——5) >4 1
(93+94)+ (93-5-94)7 (93+94)+ (93+94)

Which is equivalent to 63 > 0,4




Example: a game of chicken

Incentive constraints for the column player

W S W S
W 4,4 11,5 W 01 | 62
S 5,110,0 S 03 | 04

If 61 4+ 63 > 0, it must be the case that:

91 93 91 93
4 1 >5 0
(el+93>+ (el+93>— (91+e3)+ (61+93>

Which is equivalent to 63 > 6,

If 65 4+ 64 > 0, it must be the case that:

62 04 0> N
5 O ——5) >4 1
(92+94)+ (92-5-94)7 (92+94)+ (92+94)

Which is equivalent to 6, > 0,4




Example: a game of chicken

Correlated equilibria

W S W S
W 4,4 11,5 W 01 | 62
S 5,110,0 S 03 | 04

e A vector 6 represents a CE if and only if

6:,65>61,0. 6,0 X, 0,=1



Example: a game of chicken

Correlated vs. Nash equilibria

W S W S
w | 1/3 | 1/3 w | o |1/3
s |1/3| o s | 1/3 | 1/3

Best symmetric CE Worst symmetric CE

W S W s w s
w o1 W | o] o W | 1/4 | 1/4
s|ofo s|1]|o0 S | 1/4 | 1/4

Pure NE Pure NE Mixed NE



(5.9)

Example: a game of chicken

Correlated vs. Nash equilibria

(W, s)
(w.w)
Correlated
B st hu
Feasible
(sw)
1 4 5 W



® Epistemic conditions



Nash equilibrium in pure strategies

Proposition

A pure strategy profile is a Nash equilibrium if and only if it can be
chosen in some state in which all players are rational and choices are
mutual knowledge.

e The proof is trivial because it suffices to consider single-state models

e \Which makes the knowledge state uninteresting

e Rationality + MK of conjectures yields MK of rationality

e However, there are no explicit common knowledge assumptions



Nash equilibrium in 2-player games

Proposition

In two player games, a strategy profile is a Nash equilibrium if and only
if it coincides with first order beliefs in some state in which there is
mutual knowledge of rationality and conjectures.

[<] e Consider some mixed strategy profile o
e Let that w* be such that w* € K|(RAT) C RAT and
Ki(gi(silw) = o_j) for i =1,2

e This implies that for i and w € mi(w"): g-i(-|w) = o/ and
c-i(w) € BR-i(g-i( - w))
e Hence every choice made by —/ in 7;(w”) is a best response to o;

e Since qi(m(w")|w") = 1 and q;( - |w") = o, this implies that s_; is
a best response to o; whenever o_1(s—;) > 0
e Which means that ¢ is a NE



Nash equilibrium in 2-player games

Proposition

In two player games, a strategy profile is a Nash equilibrium if and only
if it coincides with first order beliefs in some state in which there is
mutual knowledge of rationality and conjectures.

=] e Consider a NE o* and let T; = {s; € Sj | gi(si) > 0}, T = Xje/ T;
e Consider the model (2,11, p, g, ¢) with:
e O=T, ¢c(w)=w
o Mi={{s}xT_;|s €R;}
o pi(s) = 0°(s)
o gi(s.il{si} x T-j) =0_i(s)

e By construction RAT = 2 and conjectures are constant
e Hence there is mutual knowledge of rationality and conjectures
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Example: a game of chicken

Epistemic model for mixed NE

W.w) - (W.S)

(5wW) (59)

& D
&)

72

) Row player

Column player

Q=S
c(w)=w
pi(w) =1/4

M= {{s1} xRz | s1 €R:1}
My ={{s2} xRy |52 € R2}
RAT = K®(RAT) = Q



Example: a 2 X 2 X 2 game

a b a b
a |1,1,0]1,0,0 a|—-2,-1,0|] =2,0,0
b |10,1,0]0,0,0 b 0,-1,0 0,0,0
A B

Player 3 is always indifferent between A and B

Players 1 wants to choose a if Pr(A) > 2/3 and b otherwise

Players 2 wants to choose a if Pr(A) > 1/2 and b otherwise

e There is no NE in which 2 chooses b with positive probability, and 1
chooses a with positive probability



Example: a 2 X 2 X 2 game

Epistemic model

Q= {Al, Az, As, Bo, 84}

Ms = {{w} |w e Q}
ASANNNN SN My = {{Ai}, {B2, A3}, {Ba, As}}
> Mo = {{Av B}, {Bs. A}, {As}}
c3(Bn) =B

C?,(A") =A

) ( )

) Row player o(A)=a o(w# A1) =b
c(w)=a

Column player

pi(A1) =4/10  pi(B2) =2/10
O Matrix player pi(A3) =2/10  pi(Bs) =1/10
pi(As) = 1/10



Example: a 2 X 2 X 2 game

Mutual knowledge of conjectures and rationality

(® @)
(® @)

/h\‘w Row player
\ play:

Column player

O Matrix player

a1 (A‘{Al, Bz}) = 2/3 C1 ({Al, Bz}) =a
a1 (A‘{Ag}, B4}) = 2/3 Cc1 ({A3, B4}) =a

a(A{As}) =1 a({As}) =a
RAT; =Q
@ (A{A}) =1 o({A}) =a

[ep] (A‘{Bz,Ag}) = 1/2 CQ({BQ,A?,}) =b
[ep] (A‘{B4,A5}) = 1/2 Cz({B4,A5}) =b
RAT, =Q

RAT=0Q = A; € K®(RAT)
Az € K (qu(Alw) =2/3 A g2(Alw) = 1/2)
c(A3) = (a, b, A)
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® Epistemic conditions

Common priors



The common prior assumption

e Common knowledge or rationality only takes us as far as
rationalizability

e Mutual knowledge of conjectures guarantees equilibrium, but only
in some special cases

e |n order to guaratee equilibrium in general we need the common
prior assumption

P=PpP1=Pp2=...=Pn

e Under CP, we can interpret priors as objective probabilities, and
think of the distribution o € A(S) induced by the model:

a(s):p({weﬂ{c(w):s})



Correlated equilibrium

Proposition (Aumann, 1987)

A correlated strategy is a correlated equilibrium if and only if it can be
induced by a model with common priors assumption and common
knowledge of rationality.

[«<] e Consider a model with Q2 = RAT and a common prior p, and let
o € A(S) be given by a(s) = p({w € Q2| c(w) = s})

e Fors, € Silet E(s)) ={w € Q| c(w) =5}

e Forsi, s/ €5

WEE(S) T B. es, ailslw)[uls.s) —ulsl.s )] 20
WEE(S): X, es, P@)alsw)[ulss-) — uls,s)] 20
Sty Ds jes, PN E(s-) [ui(sis-) = sl s-)] > 0

s es P(E(s) N E(s) [uilsis-) — uilslis)] > 0

e es, o) [usis-) — u(s,s-)] = 0

L



Correlated equilibrium

Proposition (Aumann, 1987)

A correlated strategy is a correlated equilibrium if and only if it can be
induced by a model with common priors assumption and common
knowledge of rationality.

[=] e Considera CEoc"andlet T; ={s; € Si|oi(s)) >0}, T = X/ T;

e Consider the model (2,11, p, g, ¢) with:
e O=T, ¢(w)=w
o Mi={{si} xT_i|s €R;}
® pi(s) =0"(s)
o qi(s_il{si} x T_;) = o(s_ils;)

e By construction RAT = 2 and there is a common prior
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Example: a game of chicken

Epistemic model for CE

(WW)  (W,S) Q=5
c(w)=w
pi(W. W) = pj(W. S) = pi(S,W) =1/3

(S.w) (S.5) pi(5.5)=0

M= {{si} xRa|s1 €R1}
My ={{s2} xRy |52 € R2}
() Row player RAT = K®(RAT) = Q

Column player



Nash equilibrium

Proposition

A mixed strategy profile is a Nash equilibrium if and only if it can be
induced by a model with common priors, and common knowledge of
conjectures [and common knowledge of rationality].



[0]

® Epistemic conditions

On belief consistency



Summary of epistemic conditions

Solution concept

Rationality

Choices/conjectures

Priors

Rationalizability
NE in pure strategies
NE in 2—player games
Nash Equilibrium

Correlated Equilibrium

common knowledge
fact

mutual knowledge

common knowledge

common knowledge

mutual knowledge
mutual knowledge

common knowledge

common priors

common priors




How can agreement be reached?

e To move from ratonalizability to equilibrium we need either
agreement on conjectures (2PNE) or agreement on prior beliefs

e How can this agreement be achieved?

e Rational may have common priors

e Chance — Blundering into equilibrium
e Focal points

e Communication/mediation

e Precedence — adaptation, learning, or evolution



A final thought

“Game theory. .. is deficient to the extent it assumes other
features to be common knowledge, such as one player’s
probability assessment about another’s preferences or
information. | foresee the progress of game theory as
depending on successive reductions in the base of common
knowledge required to conduct useful analyses of practical
problems. Only by repeated weakening of common knowledge
assumption will the theory approximate reality.”

Robert Wilson (1987)



Thanks

This concludes the course!



Aumann, R. (1990). Nash equilibria are not self-enforcing. In Gabszewicz, J. J., Richard, J.-F., and Wolsey, L. A., editors, Economic
Decision Making: Games, Econometrics and Optimization, pages 201-206. Elsevier.

Aumann, R. J. (1974). Subjectivity and correlation in randomized strategies. Journal of Mathematical Economics, 1:67-96.
Aumann, R. J. (1987). Correlated equilibrium as an expression of Bayesian rationality. Econometrica, 55(12):1-18.
Aumann, R. J. (1998). Common priors: a reply to Gul. Econometrica, 66(4):929-938.

Aumann, R. J. and Brandenburger, A. (1995). Epistemic conditions for Nash equilibrium. Econometrica, 63(5):1161-1180.
Battigalli, P. and Friedenberg, A. (2012). Forward induction reasoning revisited. Theoretical Economics, 7(1):57-98.
Brandenburger, A. (1992). Knowledge and equilibrium in games. The Journal of Economic Perspectives, 6(4):83-101.
Brandenburger, A. and Dekel, E. (1987). Rationalizability and correlated equilibria. Econometrica, pages 1391-1402.
Epstein, L. G. (1997). Preference, rationalizability and equilibrium. Journal of Economic Theory, 73(1):1-29.

Fudenberg, D. and Levine, D. K. (1993). Self-confirming equilibrium. Econometrica, 61(3):523-545.

Lewis, D. K. (1969). Convention: A Philosophical Study. Harvard University Press.

Tan, T. and Werlang, S. (1988). The Bayesian foundations of solution concepts of games. Journal of Economic Theory, 45(2):370-391.

Wilson, R. (1987). Game theoretic analisys of trading processes. In Bewley, T. F., editor, Advances in Economic Theory. Cambridge
University Press.



	Motivation
	Equilibrium
	Nash equilibrium
	Correlated equilibrium

	Epistemic conditions
	Common priors
	On belief consistency


